In this paper, we use the Carathéodory Convergence Theory to prove a landing theorem of rays in hyperbolic components with rational arguments. Although the proof is done in the setting of a family of entire transcendental maps with two singular values, the method can be generalized to many other one parameter families, with some modifications.
Introduction and setup
We consider the dynamical system obtained by the iterates of an entire function f : C → C. We denote nth iterate by f n = f • n · · · • f . We are interested in understanding the long term behavior of orbits of points -sequences generated by the iterates of f -in terms of their initial conditions. If the orbit of a point z 0 ∈ C is finite, we say that z 0 is pre-periodic. If there exists q ∈ N satisfying f q (z 0 ) = z 0 , then z 0 is periodic; in particular, z 0 is a fixed point if q = 1. Periodic points are classified in terms of their multipliers: (f q ) ′ (z 0 ), and for most multipliers, local dynamics near periodic points can be reduced to a simple form. For example, if f (z 0 ) = z 0 and f ′ (z 0 ) = 0, z 0 is a superattracting fixed point. Then f is conformally conjugate to z → z For f : C → C, the dynamical plane is partitioned into two totally invariant sets with respect to the behavior of the points; the set of points with stable behavior, i.e., the domain of normality of the iterates {f n } n , and its complement, i.e., the set of points with nonstable behavior. These two complementary sets are called the Fatou set, which we denote by F (f ), and the Julia set, which we denote by J (f ), respectively. A singular value of f is a point with the property that, in its neighborhood, at least one of the inverse branches of f is not well-defined. There are two types of singular values: a critical value, and an asymptotic value. A critical value is the image of a branch point of f . If there exists a curve γ : [0, ∞) → C, lim t→∞ |γ(t)| = ∞, such that lim t→∞ f (γ(t)) = a, then a is called an asymptotic value. The behavior of singular values plays an essential role to understand the dynamics. For example, the number of singular values is associated with the number of stable domains.
The study of iteration began to receive more attention in the 80's, with the wide analysis of the quadratic family Q c (z) = z 2 + c, c ∈ C, by Douady and Hubbard ([7] ). One of the main goals in [7] is to understand the topology of the boundary of the Mandelbrot set M -the set of parameter values, for which the orbit of the singular value z = c is bounded. In order to approach the boundary of M, unbounded curves which come from infinity and accumulate on the boundary of M are constructed. These curves are called parameter rays. Construction of parameter rays requires analysis in dynamical plane: For a quadratic polynomial, since the point at infinity is a superattracting fixed point with local degree 2, in a neighborhood Ω c of ∞, the Böttcher coordinate conjugates the dynamics of Q c in Ω c to z → z 2 in some neighborhood of ∞. A dynamic ray is defined as an inverse image of a radial line, which is equal to φ −1 c (re 2πiθ , r > R), for some R ≥ 1. The complement of M is parametrized by the conformal isomorphism Φ : C\M → C\D, c → φ c (c). A parameter ray of argument θ is then given by R M (θ) := Φ −1 (re 2πiθ , r > 1). By construction, dynamic and parameter rays have a relationship, namely, whenever a parameter is taken on a parameter ray of argument θ, then the critical value z = c is on the dynamic ray with the same argument. We say that R M (θ) lands if R M (θ)\R M (θ) is a single point. One of the main results Douady and Hubbard obtained is that the parameter rays with rational argument land on the boundary of M [7, Chpt 8] . Since then, many alternative proofs were established to explain this phenomena ( [9, 12, 14, 15, 17] ). In this article we give a new one, following the ideas of [14] , using the Carathéodory Convergence Theory (see Section 3), which relies on the convergence of marked domains. With some modifications, this proof can be applied to a more general setting.
We illustrate the proof by a one parameter family of transcendental entire maps with two singular values, one of which is a critical value that is fixed at the critical point, and the other is a free asymptotic value that has only one finite preimage. Up to conjugacy with a Möbius transformation, every such map can be written in the form f a (z) = a(e z (z − 1) + 1)
for some a ∈ C * (see Theorem 2.1). In this parametrization, the critical point is fixed at z = 0, while the asymptotic value is at z = a, and its finite preimage is at z = 1. As the critical point is fixed for every a ∈ C * , it is a superattracting fixed point, and it has its own basin of attraction, which we denote by A a . Its immediate basin, denoted by A 0 a , is the connected component of A a which contains 0.
The asymptotic value can belong to A a . This means, compared to the quadratic or the exponential family, there is a different class of hyperbolic components consisting of parameter values for which the free singular value is in A a . (in Figure 1 , these components are shown in blue). We call the main hyperbolic component, the special hyperbolic component in this class, given by
For each a ∈ C 0 , there exists a maximal domain Ω a ∈ A 0 a and D r(a) := {z; |z| < r(a)} for which the restriction of the unique Böttcher map φ a | Ωa : Ω a → D r(a) -associated to the superattracting fixed point 0-is biholomorphic. Observe that Ω a is unbounded while f a (Ω a ) is bounded, and the boundary ∂f a (Ω a ) contains a. Since 0 is a simple critical point, φ a conjugates the dynamics to z → z 2 in some neighborhood of 0. The Green's function g a , associated to 0 is the subharmonic function on C, which is equal to log |φ a (z)| on Ω a , and which extends to the whole plane by
By definition, g a depends continuously on the parameter. In A 0 a , we define the internal dynamic ray R A 0 a (θ) of argument θ ∈ R/Z, as the gradient line for g a , which is equal to φ −1 a (re 2πiθ , 0 < r < r(a)) in Ω a . Note that φ a has a unique continuous extension to the boundary of Ω a ⊂ A 0 a ∪ {0}. For this extension we may define φ a (∞) := −φ a (1), since both ∞ and 1 are "mapped" to a by f a . We may then parametrize the main hyperbolic component by the biholomorphic map
The details are given in Section 2 (see Theorem 2.5). According to this parametrization, the internal parameter ray R C 0 (θ) of argument θ ∈ R/Z in C 0 is given by the inverse image Φ −1 (re 2πiθ , 0 < r < 1). For a ∈ R C 0 (θ), the corresponding internal dynamic ray R A 0
) if and only if a ∈ R A 0 a (2θ). The correspondence between dynamic and parameter rays is illustrated by Figure 2 . As usual, we say that a ray is rational, if its argument is rational, i.e., θ satisfies 2 l+q θ ≡ 2 l θ (mod 1) for some integers l ≥ 0, q ≥ 1. We say that
) is a single point. We are interested in the case when θ is rational, and our main result is the following.
Main Theorem. Every rational internal parameter ray lands at a boundary point of the main hyperbolic component C 0 . The landing point is either a Figure 2 : Illustration of C 0 , dynamic and parameter rays.
parabolic, repelling, or a Misiurewicz parameter. More precisely, for θ ∈ Q/ Z, such that 2 l+q θ ≡ 2 l θ (mod 1) for some minimal integers l ≥ 0, q ≥ 1, and for the landing point a ∈ ∂C 0 of R C 0 (θ),
2) if l = 1, then the asymptotic value a belongs to a repelling periodic cycle of period q on ∂A Moreover, for each case, q is the exact period.
The situation 2) in the statement of our theorem is a special case which does not occur in the quadratic family for a landing parameter of a rational ray on the boundary of the Mandelbrot set. Because in such a case the cycle containing the critical value would be superattracting, and it is a contradiction. The situation 2) does not occur in the exponential family for any parameter value either. Because the asymptotic value for an exponential map can not be in a periodic cycle. This extra case is due to the existence of the finite preimage of the asymptotic value of f a , which allows the asymptotic value to be in a periodic cycle. If a family has a free singular value which has finite preimage(s), the singular value can be in a cycle for a parameter on the boundary of hyperbolic components, hence a situation as given by 2) can occur.
In fact, what we illustrate by the specific family f a is the phenomena that by varying the parameter, the free singular value(s) leaves a persistent superattracting immediate basin along rational rays. In this respect, although we present the proof by a specific family, taking the difference in parametrization of the main hyperbolic component and the type of the free singular value into account, our proof applies to many different families. For example consider the family of polynomials
for fixed n. Here, f a,n can be considered as a polynomial analog of f a , since for any f a,n , there are two singular values, which are both critical, and one of which is fixed, and the other is free. Similar to f a , we define the main hyperbolic component for f a,n , as the set of parameters for which both critical values are in the same Fatou component. The statement of the Main Theorem is valid for f a,n , by replacing "asymptotic value" by "critical value". Note also that there is a strong link between f a,n and f a : the sequence {f a,n } n converges uniformly to f a on compact subsets of C. Reader can also consider f a,n for fixed n in the proof, instead of f a , with attention to the difference coming from the nature of two different type of singular values.
Now we turn back to our family f a in consideration and give the idea of the proof as follows: For θ ∈ Q/Z, we take a sequence of parameters {a n } n ∈ R C 0 (θ), which converges to a limit point a ∈ ∂C 0 . For each element a n of the sequence, we observe the dynamical plane, and study the convergence of Fatou domains containing the asymptotic value, taking this as a marked point. We see that in the limit, the asymptotic value a satisfies a particular equation, whose solutions form a discrete set. However, as being an accumulation set of a connected set, R C 0 (θ)\R C 0 (θ) is connected, hence it consists only of one point.
Let us give the structure of the article: In the second section, we introduce the family of transcendental entire maps in consideration. In the third section, we give the main definitions and results regarding Carathéodory Topology. The last section is devoted to the proof of the Main Theorem.
Having two singular values, f a is in the class of entire transcendental maps with a finite number of singular values. As proved in [8] adapted to our family, all Fatou components are preperiodic, simply connected, and there are at most two attracting basins or indifferent cycles. Those are the general properties for the members of the family in consideration, which we will use in the proof.
Characterization of f a
The following theorem shows that f a includes all entire transcendental maps which share some given dynamical properties. is affine conjugate to one of the form
Moreover, f a contains a unique representative of each conformal conjugacy class.
The proof uses the same idea as in [3, Thm 3.1] . A sketch is as follows.
Proof. Let g(z) be a map as in the statement of the theorem. Suppose a ∈ C is the asymptotic value with finite preimage u. Since g(z) − a has exactly one solution at z = u, then by the Hadamard Factorization Theorem, g is of the form:
where h(z) is a polynomial and m ∈ N. The map g has one simple critical point at 0, so the equality
gives m = 1, and h ′ (z) = c, and hence h(z) = cz + d. Therefore, we obtain g(z) = (z − u)e cz+d + a.
As z = 0 is a superattracting fixed point, e d = a u
, and c = 1 u . This yields:
Redefining the variable: w = z u
, we obtain f a (w) = a(e w (w−1)+1), requiring a = 0. Observe that this construction forces the finite preimage of the asymptotic value to be 1. Finally, since any conformal conjugacy between two members of f a must fix 0, 1, and ∞, it follows that it is the identity map.
Main hyperbolic component
In this section, we are going to present some results regarding the main hyperbolic component C 0 , and related dynamical properties. For example, C 0 consists of parameters for which the Julia set is a Cantor bouquet (see Proposition 2.4). We recall that a Cantor bouquet is a special form of Julia set, which can be described as a collection of disjoint continuous curves in the dynamical plane tending to ∞ in a certain direction, with distinguished endpoints. The following two theorems are going to be used in the proof of Proposition 2.4. Set D r(a) := {z; |z| < r(a)}. Recall that for each a ∈ C 0 , there exists r(a) and a maximal domain Ω a ∈ A 0 a , for which the restriction of the unique Böttcher map φ a | Ωa : Ω a → D r(a) -which conjugates f a to z → z 2 -is biholomorphic. In a neighborhood of 0, φ a can be written as
From the Taylor expansion, one can see that
This map has a continuous extension to the boundary ∂Ω a ⊂ C. For this extension, we have φ a (∞) = −φ a (1), as explained in the introduction. With this identification, we parametrize the main hyperbolic component given by the following theorem.
Theorem 2.5. There exists a biholomorphic map from C 0 ∪ {0} to D, which is given by:
Proof. By using (2),
Hence 0 is a removable singularity, i.e., Φ extends to 0 with Φ(0) = 0. Now we will show that Φ is proper. For any sequence {a n } n ⊂ C 0 tending to a limit point a ∈ ∂C 0 , consider the sequence {g an } n of Green's functions associated to the superattracting fixed point 0. Then we have |Φ(a n )| = e ga n (1) → e ga(1) as a n → a ∈ C 0 , since the Green's function is continuous with respect to the parameter. Moreover, at any point a ∈ ∂C 0 , g a (1) = 0, since a / ∈ A 0 a . So |Φ(a n )| → 1 as a n → a ∈ ∂C 0 , hence Φ is proper. Therefore, Φ is a covering map, and the degree is 1 by (3). In other words, the map Φ :
Corollary 2.6. This theorem guarantees that C 0 is connected and C 0 ∪ {0} is simply connected.
Proof. Set S r := ∂D r = {z; |z| < r}, and take h a (z) := a
. We will find r > 0, such that for all z ∈ S r ,
This will mean that A 0 a ⊂ D r , and will give a relationship between a and r; we will see that for large values of |a|, r is very small, so D r and hence A 0 a can not contain a. and |z| = r,
ii.
From i. and ii., r and a values satisfying
also satisfies (4). Provided that 3 2 r − e r + 1 > 0, (r ∈ (0, 0.7626), approximately) we obtain
By numerical computation, min r∈(0,0,7626)
is obtained at r ≈ 0.4054. This means for |a| > 9.2324, f a maps the circle S r with r ≈ 0.4054 outside itself. Thus A 0 a is contained in the disk D r with ≈ 0.4054 for parameter values |a| > 9.2324. Therefore, the asymptotic value is not in A 0 a for |a| > 9.2324. Thus C 0 is bounded.
Carathéodory topology
The Carathéodory topology, introduced in [4] , deals with sequences of domains and their convergence properties. In this section, we state the main definitions and prove some auxilary results which will be used in the proof of the Main Theorem. We start by defining convergence of a sequence of marked domains, following [10] .
Definition 3.1. Consider the set of pointed domains D = {(W, w), w ∈ W ⊂ C}. We say a sequence {(U n , u n )} n ⊂ D converges to (U, u) in the sense of Carathéodory, if and only if the following holds:
ii) for any compact set C ⊂ U and for all sufficiently large n ∈ N, C ⊂ U n , and iii) for any connected, open set N containing u, if N ⊂ U n for infinitely many n, then N ⊂ U, and we write (U n , u n )
The theory is a powerful tool to relate the analytic behavior of maps to the geometric properties of their ranges. This relation is given by the following theorem.
Theorem 3.2. (Carathéodory [4] ) Let {(U n , u n )} n be a sequence of pointed disks in D, and let ψ n : D → U n be the sequence of biholomorphic maps normalized such that ψ n (0) = u n , n ∈ N and ψ Convergence of pointed domains in the sense of Carathéodory is related to Hausdorff convergence properties of their complements. We first recall the definition of Hausdorff convergence.
Definition 3.4. Let ρ be the spherical metric in C, and let A and B be nonempty compact sets in C. Let Ω ǫ (A) and Ω ǫ (B) denote ǫ-neighborhoods of the sets A and B, respectively. The Hausdorff ρ-distance d H (A, B) is given by:
The metric defined by this distance is called the Hausdorff ρ-metric on the set of all nonempty compact subsets of C. Note that d H (., .) depends on ρ.
For nonempty compact sets K and K n , K n → K in the Hausdorff metric, if for arbitrary ǫ > 0, there exists N ∈ N, such that for all n ≥ N, K ⊂ Ω ǫ (K n ), and We next give the relation between Carathéodory convergence of pointed domains and Hausdorff convergence of their complements, which actually is an alternative to Definition 3.1.
Theorem 3.5. Let {U n } n be a sequence of domains. The sequence of pointed domains {(U n , u n )} n converges to (U, u) as n → ∞ in the sense of Carathéodory, if and only if u n → u, and for any subsequence K n k = C\U n k convergent to some compact set K in the Hausdorff topology on compact sets of the sphere, U is the component of C\K, which contains u.
Since the space of compact sets of C equipped with the Hausdorff ρ-metric is compact, there exists a convergent subsequence {K n k } k and a compact set K, such that K n k → K as k → ∞. We are going to show that in this case, U is the connected component of C\K, which contains u.
Let U ′ be the connected component of C\K, which contains u. Recall that by d ρ (., .) we denote the spherical distance, and by d H (., .) the Hausdorff ρ-distance defined on the compact sets of C. We want to prove that U ′ = U:
i. Take an arbitrary point z ∈ U. Let C ⊂ U be a compact and connected set containing {z, u} in U. Then there exists ǫ > 0 such that d ρ (C, K) = 2ǫ > 0. By convergence, C ⊂ U n , for sufficiently large n ∈ N. On the other hand, increasing n if necessary, d H (K n k , K) < ǫ. This means for
ii. Take an arbitrary point z ∈ U ′ . Let N be an open and connected set containing {z, u}, which is relatively compact in U ′ . Then there exists
By i. and ii., we obtain U = U ′ .
Now we prove the converse of the statement: Suppose u n → u as n → ∞, and there exists a set U, such that u ∈ U, and U is the connected component of C\K, where K is the Hausdorff limit of any subsequence K n k := C\U n k . We will show that (U n , u n )
i. Let C be a compact set in U. We claim that there exists N ∈ N such that for n ≥ N, C ⊂ U n , in other words, there exists ǫ > 0 such that d ρ (C, K n ) > ǫ. If not, there exists a subsequence K n k and
ii. For an open and connected set N containing u, such that N ⊂ U n for infinitely many n, we will show that N ⊂ U.
And since u ∈ N, N ⊂ U.
By i. and ii., we conclude that (U n , u n )
We focus on convergence to a proper subdomain of the plane. In order to do so, we restrict our attention to precompact sequences in
Definition 3.6. A sequence of pointed domains {(U n , u n )} n is called precompact in D * , if and only if every subsequence has a convergent subsubsequence in D * , in the sense of Carathéodory.
Precompactness is characterized as follows.
Proposition 3.7. The sequence of pointed domains {(U n , u n )} n is precompact in D * , if and only if {u n } n is bounded, and there exists
where d E denotes the Euclidian distance.
Proof. First observe that any given subsequence {(U n k , u n k )} k is divergent, if u n → ∞. So boundedness of {u n } n is necessary for precompactness. Now suppose there is no L ∈ (1, ∞), such that
Since the space of compact subsets of C equipped with Hausdorff ρ-metric is compact, there is a convergent subsubsequence {K n km } m , and a compact set K, such that K n km → K. Considering (8), limit set K may satisfy
In either of the cases above {(U n km , u n km )} m is divergent, by Theorem 3.5. So, in order to rule out the possibilities given by i. and ii. the inequality (7) is a necessary condition for precompactness in D * .
Now suppose (7) holds, and let {(U n k , u n k )} k be a subsequence in D * . We want to prove that there exists a subsubsequence {(U n km , u n km )} m which converges in the sense of Carathéodory. We use Theorem 3.5. For K n k = C\U n k , after passing to a subsequence, {K n km } m converges to a compact set K ∈ C, and u n km → u. The inequality (7) implies
This assures C\K has a connected component U, which is a proper subdomain containing u. Thus, (U n km , u n km ) Car −→ (U, u), by Theorem 3.5.
Hyperbolic geometry and domain convergence 3.1.1 Preliminaries on hyperbolic geometry
We restrict ourselves to the domains in the complex sphere C. We recall that any domain in C which has at least three boundary points is called hyperbolic. Here we denote by d Ω (., .), the hyperbolic distance induced by the hyperbolic metric defined in a hyperbolic set Ω.
The following two famous theorems have a key role in the proof of the Main Theorem. We start by the Schwarz-Pick's Lemma, which tells that holomorphic maps have the property that they do not increase the hyperbolic metric.
Theorem 3.8. (Schwarz-Pick Lemma) Let Ω 1 , Ω 2 ⊂ C be hyperbolic, and suppose f :
More precisely, if f is a covering map, then it is a local hyperbolic isometry with respect to the two metrics. In this case, the hyperbolic arc lengths are preserved for the respective hyperbolic metrics. If f is not a cover, then it decreases the hyperbolic arc lengths and distances, that is, the strict inequality holds in (9) .
For the proof, see, for example [2] .
For a given pair of hyperbolic sets Ω 1 , Ω 2 ⊂ C with Ω 1 ⊂ Ω 2 , assigning the identity map Id : Ω 1 → Ω 2 , the Schwarz-Pick Lemma gives the Comparison Principle, which we state in the following.
Theorem 3.9. (Comparison Principle)
Let Ω 1 , Ω 2 ⊂ C be hyperbolic, and suppose that
Lemma 3.10.
Let Ω ⊂ C be hyperbolic, and let {x n } n and {y n } n be sequences in Ω.
For the general proof for Riemann surfaces, see [13, Thm 3.4 ].
Convergence of marked points and hyperbolic metric
The sequence of marked points {u n } n plays an important role in the convergence of domains. For example, a sequence of domains can be convergent or divergent depending on {u n } n . Moreover, in case of convergence, {u n } n identifies the limit domain. In the following two lemmas, we analyze the convergence of domains in terms of the marked points, by using hyperbolic geometry. We work in the space D * , which is given by (6).
Lemma 3.11. Let U and U n be hyperbolic disks in D * , and suppose (U n , u n ) Car −→ (U, u). Suppose also that there is a sequence {w n } n → w such that w n ∈ U n and d Un (u n , w n ) ≤ δ < ∞, for large n. Then (U n , w n )
Proof. Let ψ n : D → U n be univalent maps which satisfy ψ n (0) = u n , and ψ ′ n (0) > 0. Then the sequence {ψ n } n converges locally uniformly to ψ : D → U with ψ(0) = u and ψ ′ (0) > 0, by Theorem 3.2. Let w n ∈ D be such that ψ n ( w n ) = w n . We claim that for { w n } n → w, ψ( w) = w. Indeed, since ψ n are univalent, it preserves the hyperbolic distances, i.e., , centered at 0. Since D(0, r) is compact, then there exists a convergent subsequence { w n k } k , and say w n k → w. On the other hand, ψ n k ⇒ ψ on compact sets of D, and hence ψ n k ( w n k ) → ψ( w) = w. Since ψ is univalent, the limit w is unique and is independent of the choice of the subsequence { w n k } k , which means w n → w.
Define the Möbius transformations
This implies Carathéodory convergence of the sequence of pointed disks {(U n , w n )} n to (U, w), by Theorem 3.2.
Lemma 3.12. Let U n , Z and W be hyperbolic sets in D * , and let (U n , w n )
Proof. Suppose W ∩ Z = ∅. Take v ∈ W ∩ Z. Let N 1 be an open connected set, compactly contained in W , with {v, w} ⊂ N 1 . Similarly let N 2 be an open connected set compactly contained in Z, with {z, v} ⊂ N 2 . Then for sufficiently large n, N 1 ∪ N 2 ⊂ U n . The convergence in the sense of Carathéodory implies N 1 ∪N 2 ⊂ W ∩Z, so {w, z} ⊂ W ∩Z. This contradicts that d Un (w n , z n ) → ∞ as n → ∞.
Proof of the Main Theorem
With the following proposition which is given in a very general setting, the Carathéodory topology meets with the dynamics. Proposition 4.1. Let f n : C → C be a sequence of nonlinear holomorphic functions converging locally uniformly to a nonlinear holomorphic function f : C → C. Suppose {(U n , u n )} n is a sequence of simply connected pointed Fatou components of f n such that (U n , u n ) Car −→ (U, u). Then U is a simply connected subdomain of a Fatou component for f . This is a consequence of the fact that the Julia set depends lowersemicontinuously on the parameter (see [6] ).
Proof. We prove by contradiction. Suppose U is not contained in a Fatou domain for f . In this case U ∩J (f ) = ∅. So U contains a repelling periodic point w of some period k. We are going to show that there is a repelling k-periodic point, say w n for f n near w. Choose r > 0 small enough that in D(w, r), w is the only k-periodic point in D(w, r). Set ǫ := inf z∈D(w,r) |f (z) − z|. Since f n converges uniformly to f on D(w, r), there exists N ∈ N such that for all z ∈ D(w, r) and for all n ≥ N, |f
Then by Rouché's Theorem, there is exactly one k-periodic point, say w n , for f n in D(w, r). Since the multiplier map is continuous,
, for n sufficiently large, i.e., w n is a repelling k-periodic point for f n .
Let N ⊂ U be an open, connected, relatively compact subset of U containing w. For sufficiently large n, N ⊂ U n . Since w n → w, increasing n if necessary, {w n , w} ⊂ N ⊂ U n , which is a contradiction to the fact that U n is a Fatou domain. Thus, U is contained in a Fatou component for f . Moreover, by Remark 3.3, U is simply connected.
In some cases, we may obtain the whole Fatou component in the limit, as shown in the following lemma. We now turn our attention to the family f a in consideration. Recall that C 0 denotes the main hyperbolic component, and A 0 a denotes the immediate basin of the superattracting fixed point z = 0 for f a .
Proof. Obviously for a n ∈ C 0 , there exists 1 .
We take (ψ an •φ an ) −1 : D → Ω an as the sequence of univalent maps associated to the sequence of pointed disks {(Ω an , 0)} n . Since the Green's function is continuous with respect to the parameter, as a n → a ∈ ∂C 0 , g an (∞) → 0, and hence r(a n ) → 
Proof. Suppose Ω a as in the proof of Lemma 4.2, and let Ω * a := Ω a \{0}. By assumption, x, y ∈ Ω * a . Set H := {z : Re z < g a (∞)}. Then exp : H → φ a (Ω * a ) is a universal cover. Let x, y ∈ H be such that exp( x) = φ a (x) and exp( y) = φ a (y) with Im x = Im y = 2πθ. Since exp is a local hyperbolic isometry, and φ a is conformal, the hyperbolic distance is preserved, , y) , by the Comparison Principle (see Theorem 3.9). Then we have
substituting min Re x = g a (a), and g a (∞) = Before giving a corollary of this proposition, we need the following definition.
Definition 4.5. Let θ ∈ Q/Z be such that 2 q θ ≡ θ (mod 1) for minimal q ∈ N. Given x ∈ R A 0 a (θ), the fundamental segment with endpoints x and f q a (x) is the ray segment of R A 0 a (θ) with the same endpoints, and we denote it by For a ∈ R C 0 (θ), θ ∈ Q/Z, such that 2 l+q θ ≡ 2 l θ (mod 1), we divide the proof of the Main Theorem into three cases; when l = 0, l = 1 and l > 1, given in the following three sections. By the (pre-)periodic case, we mean the case when the asymptotic value is on a (pre-)periodic dynamic ray.
Periodic case-I (when l = 0)
Lemma 4.7. Let θ be such that 2 q θ ≡ θ (mod 1) for some minimal q ∈ N. Let a n ∈ R C 0 (θ), and suppose that a n → a ∈ ∂C 0 . For each 0 ≤ m ≤ q − 1, the sequence of pointed domains {(A 0 an , f m an (a n ))} n is precompact in the sense of Carathéodory.
Proof. For simplicity, we will show only the case m = 0. We argue by contradiction. First observe that a n ∞, since C 0 is bounded (see Theorem 2.7). It is also obvious that d E (a n , ∂A 0 an ) ∞, since the Julia set depends lowersemicontinuously on the parameter, and J (f a ) = ∅. Suppose the sequence {(A 0 an , a n )} n is not precompact. This implies d E (a n , ∂A 0 an ) → 0 as a n → a ∈ ∂C 0 by Proposition 3.7, together with the discussion above. Moreover, by Corollary 4.6, d A 0 n (a n , f q an (a n )) < L for some 0 < L < ∞. Hence f q an (a n ) → a, by Lemma 3.10. On the other hand,
This implies that f a is either constant by the Identity Theorem, or f q−1 a (a) = ∞, which is a contradiction. Therefore, there exists 0 < L < ∞, such that d E (a n , ∂A 0 an ) > L, which assures precompactness. Lemma 4.7 implies Carathéodory convergence of the pointed disks {(A 0 an , a n )} n , after passing to a subsequence, and the limit domain U 0 a is a subdomain of a Fatou domain by Proposition 4.1.
Let a n ∈ R C 0 (θ), and suppose that a n → a ∈ ∂C 0 . Suppose (A 0 an , a n ) an (a n ))} n for m = 1, ..., (q−1) is also precompact, which means there exists a limit domain U m a , passing to a subsequence. Therefore, the set {U Note that Lemma 4.8 does not imply immediately that q is the exact period of the parabolic basin (compare Proposition 4.10).
Hausdorff convergence of dynamic rays
Let θ be such that 2 q θ ≡ θ (mod 1) for some minimal q ∈ N. Observe that for a n ∈ R C 0 (θ), a n ∈ R A 0 an (2θ). Recall that we denote the maximal domain by Ω an ⊂ A 0 an , for which the restriction of the Böttcher map φ an | Ωa n : Ω an → D r(an) is biholomorphic. Recall also that for such θ and a n → a ∈ ∂C 0 ,
a is a subdomain of the connected component of a parabolic immediate basin, by Lemma 4.8. Let us denote the parabolic basin for f a by B a . Denote the ray segment in R A 0 an (2θ), which connects 0 and a n by K an , i.e.,
an (2θ). We investigate the Hausdorff limit of K an as a n → a ∈ ∂C 0 . Since the space of compact subsets of C equipped with the Hausdorff ρ-metric is compact, passing to a subsequence if necessary, {K an } n converges to a compact connected set K a ⊂ C as a n → a. Here K a connects 0 and a. Proposition 4.9. Any connected component γ of K a ∩F (f a ) is a real analytic arc, and either: Proof. Set Ω an := Ω an \R A 0 an ( 1 2 + 2θ). Then the logarithm is well defined in D r(an) := φ an ( Ω an ). Let z(a) ∈ K a , and z n ∈ K an be such that z n → z(a), as a n → a ∈ ∂C 0 . We define univalent maps, using the Böttcher coordinates:
Observe the following two situations:
i. If Re log(φ an (z n )) 0, then the range Ω := Ψ n ( Ω an ) converges to a horizontal strip in some right half plane, ii. If Re log(φ an (z n )) → 0, then the range Ω converges to a right half plane.
In either case, the map Ψ n sends the ray R A 0 an (2θ) ∩ Ω an to the half line (t n , ∞), where t n := 1 2 ga n (an) ga n (zn)
, and in particular, Ψ n (z n ) = 1. The map Ψ n conjugates f q an to z → 2 q z. Let Ξ n := Ψ −1 n denote the univalent map defined in the range of Ψ n into A 0 an . Obviously {Ξ n } n is a normal family, hence passing to a subsequence if necessary, it is uniformly convergent to a map Ξ ∞ , on compact sets of Ω. The limit map Ξ ∞ is either univalent or constant. We claim that Ξ ∞ is univalent. Indeed, if it is constant, say Ξ ∞ ≡ c, then by conjugacy, c is a q periodic point in a Fatou domain. This implies c is in an attracting cycle, which contradicts a ∈ ∂C 0 . Hence Ξ ∞ is univalent, and this assures convergence of {( Ω an , z n )} n in the sense of Carathéodory as a n → a ∈ ∂C 0 , after passing to a subsequence. In this case, Ξ ∞ conjugates z → 2 q z to f q a . This means, γ is a real analytic arc, along which the direction of the dynamics z → f q a (z) is preserved.
Assume z n → z(a) ∈ K a ∩ F (f a ). By hypothesis, g an (z n ) < g an (a n ).
i. If g an (z n ) < c < 0, then g a (z(a)) < c, and Ψ n converges to a conformal map onto
ii. If 1 < ga n (an) ga n (zn) < c, for some 1 < c < ∞, then z(a) is in U 0 a , by Lemma 3.11 and Proposition 4.4, and γ = Ξ ∞ (t ∞ , ∞) is a real analytic arc in K a ∩ U a . Observe that Ξ ∞ is defined in a right half plane
By a suitable Mobius transformation, we can also have Ξ ∞ (1) = a, as in the statement of the Proposition. In this case, 0 < t ∞ < 1/2.
iii. If ga n (an) ga n (zn) → 0, and g an (z n ) → 0, then d A 0 an (a n , z n ) → ∞. This means z(a) and a are not contained in the same limiting domain by Lemma 3.12. Moreover z(a) will be in a periodic component by Lemma 3.11. Hence z(a) is in B a \U 0 a because there is no other Fatou component apart from A a , or B a . Since ga n (an) ga n (zn) → 0, we have t ∞ = 0, and γ = Ξ ∞ (R + ).
Limit domains and landing points
Let W be a Fatou component such that K a ∩ W = ∅. Then W is either in the superattracting basin A a , or in the parabolic basin B a . Indeed, if not, it requires at least one more free singular value. But f a has only two singular values, one of each is included in either A a , or B a . Therefore, there is no other basin to intersect with K a . It then follows from i. and ii. that the exact period of the immediate parabolic basin is q.
Observe that for a ∈ ∂C 0 , K a ∩ J (f a ) = ∅, since K a is a connected set which connects 0 and a. Now, we will specify the character of the periodic points at J (f a ) ∩ K a . Proof. For any point z(a) ∈ K a ∩ J (f a ), there exist some z n ∈ K an ⊂ A 0 an , such that z n → z(a). Those points also satisfy d A 0 an (z n , f q an (z n )) < q log 2, given by Corollary 4.6. Thus, if
by Lemma 3.10. Proof. We prove it by contradiction. Suppose z(a) ∈ K a ∩ J (f a ) is not parabolic point, i.e., z(a) = J (f a ) ∩ K a is a repelling k-periodic point. For a sequence {a n } n ⊂ C 0 , such that a n → a ∈ ∂C 0 , there exists r > 0, N ∈ N such that there exists a unique repelling k-periodic point for f an in D(z(a), r). This follows from Rouché's Theorem (see the proof of Proposition 4.1 for details).
On the other hand, since z(a) ∈ K a , there exists {w n } n , w n ∈ K an , such that w n → z(a) as n → ∞. Now we consider the two sequences {w n } n and {z(a n )} n , both converging to z(a) as n → ∞. Note that w n ∈ A 0 an , whereas z n / ∈ A 0 an . This means w n → ∂A 0 an as n → ∞, since |w n − z(a n )| → 0.
Let m ∈ N be such that w n is contained in
Here m is a finite number, which depends on finite n. Observe that
as n → ∞, since fundamental segments have bounded hyperbolic length in the hyperbolic metric defined in A 0 an (compare Proposition 4.4 and Corollary 4.6), together with w n → ∂A 0 an (see Lemma 3.10). Note also that any fixed finite number of adjacent fundamental segments on R A 0 an (2θ) near
(a n )] also shrink as n → ∞ (see again Lemma 3.10).
For w n ∈ D(z(a), r), increasing n if necessary, we can assume that
since the Euclidian length of
(a n )] is small for large n.
The unique lift of R
(a n )] by f k an on the same ray, i.e., the preimage with endpoint f km an (a n ) is contained in D(z(a), r) . By induction, we see that all iterated preimages of R A 0 an [f km an (a n ), f k(m+1) an (a n )] by f k an on the same ray are contained in D(z(a), r) , so is the ray segment R A 0 an [f mk an (a n ), a n ].
Observe that the Hausdorff limit of R A 0 an [f mk an (a n ), a n ], say γ, is a compact set with distinct endpoints z(a) and a. So γ has a certain Euclidian length. Note that n → ∞, m → ∞. This is because as f mk an (a n ) → ∂A 0 an , the Euclidian length of the fundamental segments along the ray R A 0 an (2θ) near the boundary of A 0 an will get close to 0. This means that the number of iterates required in order to reach from a n to f mk an (a n ) tends to ∞. Since z(a) is the only (repelling) k-periodic point in f k an (D(z(a), r)), then a n → z(a) as n → ∞. This means a = z(a), which is a contradiction to the fact that a ∈ U 0 a . So z(a) ∈ K a ∩ J (f a ) is a parabolic periodic point, and by the Snail Lemma (f 
Periodic case-II (when l = 1)
Lemma 4.14. Let θ be such that 2 1+q θ ≡ 2θ (mod 1) for some minimal q ∈ N, and let a n ∈ R C 0 (θ). Suppose that a n → a ∈ ∂C 0 . Then {(A 0 an , a n )} n is not precompact, in the sense of Carathéodory. Let K a and K a denote the two preimages of K a under f a . Take a curve γ ⊂ U 0 a which connects K a and K a at some finite points. Then the region bounded by γ, K a , and K a contains a subset of the Julia set, whereas, its boundary contains only two points in the Julia set, which are periodic (see Figure 6 for m = 0). This contradicts the Maximum Modulus Principle. Hence we conclude that {(A 0 an , a n )} n is not precompact in the sense of Carathéodory. Thus {(A 0 an , f l an (a n ))} n is not precompact in the sense of Carathéodory. 
Preperiodic case (when l > 1)
Lemma 4.15. Let θ be such that 2 l+q θ ≡ 2 l θ (mod 1) for some minimal integers l > 1 and q > 1, and let a n ∈ R C 0 (θ). Suppose that a n → a ∈ ∂C 0 . The sequence {(A 0 an , f l an (a n ))} n is not precompact in the sense of Carathéodory. Proof. We use the same approach as in Lemma 4.14. Suppose {(A 0 an , f l an (a n ))} n is precompact in the sense of Carathéodory. For an arbitrary n k , consider the convergent subsubsequence (A an (a n ))} n is not precompact in the sense of Carathéodory. Corollary 4.16. As a consequence of Lemma 4.14 and Lemma 4.15,
an (a n ), ∂A 0 an ) → 0, and d A 0 an (f l an (a n ), f l+q an (a n )) < L, for l ≥ 0 (as given by Corollary 4.6) implies d E (f l an (a n ), f l+q an (a n )) → 0, and thus f as given by Lemma 4.14 and Lemma 4.15.
In both cases, the solution set forms a discrete set. However, the accumulation set is connected as being an accumulation set of a connected set. Therefore, the accumulation set consists of only one point. This proves all internal parameter rays with rational argument in the main hyperbolic component C 0 lands at ∂C 0 .
